ABSTRACT. In this short note we give a construction of an infinite series of Delone simplices whose relative volume grows super-exponentially with their dimension. This dramatically improves the previous best lower bound, which was linear.
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Z d . Voronoi [Vor08] showed that, up to unimodular equivalence, there exist only finitely many Delone subdivisions in each dimension d. Delone simplices may be considered as "building blocks" in this theory and therefore their classification is of particular interest. For more information on the classical theory we refer the interested reader to [SV05] or the original works of Voronoi [Vor08] and Delone [Del37] .
BOUNDS FOR RELATIVE VOLUME Let Λ ⊂ R d be a lattice. A lattice simplex conv{v 0 , . . . , v n } is called unimodular if {v 0 , . . . , v n } is an affine basis of Λ. All unimodular simplices are unimodularly equivalent and, in particular, have the same volume. The relative volume (or normalized volume) of a lattice simplex L is the volume of L divided by that of a unimodular simplex of Λ, so that the relative volume equals vol(L) · d!. Equivalently, it equals the index in Λ of the sublattice affinely spanned by the vertices of L.
Clearly, the relative volume is an invariant with respect to unimodular transformations. Hence, in order to classify possible Delone simplices up to unimodular equivalence, a first question, already raised by Delone in [Del37] , is what is the maximum relative volume mv(d) of d-dimensional Delone simplices. The sequence mv(d) is (weakly) increasing, since from a Delone simplex for a lattice Λ ⊂ R d one can easily construct another of the same relative volume for the lattice
Voronoi knew that up to dimension d = 4 all Delone simplices have relative volume 1, while there are Delone simplices of volume 2 in d = 5. In [Bar73] Baranovskii proved mv(5) = 2, and later Baranovskii and Ryshkov [BR98] proved mv(6) = 3. Dutour classified all 6-dimensional Delone polytopes in [Dut04] .
Ryshkov [Rys76] was the first who proved that relative volumes of Delone simplices are not bounded when the dimension goes to infinity. More precisely, for every k ∈ N he constructed Delone simplices of relative volume k in dimension
2 . This was recently improved to the still linear lower bound mv(d) ≥ d − 3 by Erdahl and Rybnikov [ER02] .
In this note we prove the following two lower bounds on mv(d):
Theorem 2. For every dimension of the form
d = 2 n − 1, mv(d) ≥ (d + 1) (d+3)/2 /4 d .
Theorem 1 immediately implies exponential lower bounds on mv(d).
For example, mv(5) = 2 gives mv(d) ≥ 2 ⌊d/5⌋ ∼ 1.1487 d . Even better, it is known that mv(24) ≥ 20480. Indeed, the Delone subdivision of the Leech lattice, which was determined by Borcherds, Conway, Queen, Parker and Sloane [CS88, Chapter 25], contains simplices of relative volume 20480 (the simplex denoted a 24 1 a 1 in their classification). Therefore we obtain:
Theorem 2 gives a much better lower bound asymptotically:
Proof. For the lower bound, let 2 n be the largest power of two that is smaller or equal to d + 1 (so that 2 n ≥ (d + 1)/2). Theorem 2, together with the monotonicity of mv(d), gives:
For the upper bound we use the following argument, which is Lemma 14.2.5 in [DL97] (attributed to L. Lovasz): Given a Delone simplex L of some PQF, the volume of the centrally symmetric difference body
The polytope L − L does not contain elements of L\{0} in its interior. Thus, by Minkowski's fundamental theorem (see [GL87] , §5 Theorem 1) we know that vol(L − L) ≤ 2 d . Putting things together we get
More precisely, the arguments in this proof say that
Similarly, Theorem 2 directly implies
We do not know whether lim 
denote the lattices affinely generated by the vertices of L 1 , L 2 and L 1 × L 2 , respectively. By the classical theory of Voronoi (see [SV05] , Proposition 5.1 and Proposition 5.4) we know that by a suitable infinitesimal change of the PQF Q that induces Λ the Delone polytope L 1 × L 2 is triangulated into Delone simplices, which hence have vertices in the sublattice Λ ′ (more precisely, in a perturbation of it). Since the index of Λ ′ in Λ is precisely mv(d 1 ) mv(d 2 ), these Delone simplices have relative volume at least that number.
Remark. The product of two simplices L 1 and L 2 is a totally unimodular polytope, meaning that all the simplices spanned by a subset of its vertices have the same volume. In particular, the Delone simplices that we obtain in the last step of the proof have relative volume exactly mv(d 1 ) mv(d 2 ) (cf., for example, [Hai91] ). As a consequence, every triangulation of L 1 × L 2 consists of exactly
simplices.
PROOF OF THEOREM 2
Remember that a Hadamard matrix of order d is a d × d matrix with elements +1 and −1 in which distinct columns are orthogonal. Hadamard matrices exist at least whenever d is a power of two and conjecturally whenever d is a multiple of four (cf. [CS88] , Chapter 3, 2.13; for a recent survey on Hadamard matrices see [EK05] ).
By multiplying columns with ±1 we normalize columns of a Hadamard matrix H so that the entries of the first row are all +1. Then, from H we get the A standard construction for Hadamard matrices of order 2 n is as follows
Let d = 2 n − 1 and consider the matrixH 2 n associated to the particular Hadamard matrix H 2 n constructed this way. It is well known, and easy to see, that the columns ofH 2 n form an n-dimensional subspace of 
(This procedure is "Construction A" in [CS88] , Chapters 5 and 7). The lattice Λ(H 2 n ) has determinant 2 d−n in Z d , since it contains 2 n of the 2 d vertices in every lattice unit cube. Moreover, the Hadamard simplex defined byH 2 n is a Delone simplex in Λ(H 2 n ) because the sphere around the unit cube does not contain more lattice points than the columns ofH 2 n . The relative volume of the Hadamard simplex is 
For an upper bound, we can use essentially the same trick as in the proof of Theorem 1 to obtain:
Proof. 
